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Abstract.We evaluate the dimensionless non-Gaussianity parameter h
NL
, that characterizes
the amplitude of the tensor bispectrum, numerically for a class of two field inflationary
models such as double inflation, hybrid inflation and aligned natural inflation. We compare
the numerical results with the slow roll results which can be obtained analytically. In the
context of double inflation, we also investigate the effects on h
NL
due to curved trajectories
in the field space. We explicitly examine the validity of the consistency relation governing
the tensor bispectrum in the squeezed limit. Lastly, we discuss the contribution to h
NL
due
to the epoch of preheating in two field models.
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1 Introduction
In the absence of equally effective alternatives, the inflationary paradigm continues to remain
the most compelling scenario to describe the origin of perturbations in the primordial uni-
verse. Inflation—which refers to a period of accelerated expansion during the early stages of
the radiation dominated epoch—was initially proposed to explain cosmological observations
such as the extent of homogeneity and spatial flatness of the universe. However, soon after
the original proposal, it was realized that apart from helping to overcome the drawbacks of
the conventional hot big bang model, the inflationary scenario also provides a causal mecha-
nism for the generation of primordial perturbations. According to the inflationary paradigm,
the primordial perturbations are generated due to quantum fluctuations, which are rapidly
stretched to cosmological scales due to the accelerated expansion. The perturbations gen-
erated during inflation lead to anisotropies in the Cosmic Microwave Background (CMB),
which in turn result in the large scale structure of galaxies and clusters of galaxies that we
see around us today (see, for instance, any of the following reviews: Refs. [1–7]).
Typically, the period of accelerated expansion is assumed to be driven by scalar fields.
Many models consisting of single and multiple scalar fields have been proposed to achieve
inflation. The potentials governing the scalar fields, along with the values of the parame-
ters describing them, determine the dynamics during inflation. It is the quantum fluctua-
tions associated with the scalar fields that are responsible for the primordial perturbations.
The background inflationary dynamics determines the characteristics of these perturbations,
which are conveniently described in terms of correlation functions. The CMB and other
cosmological data point to a nearly scale invariant primordial scalar power spectrum as is
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generated by the simplest models of slow roll inflation [8–16]. However, despite the strong
constraints that have emerged, there exist many inflationary models that are consistent with
the data at the level of two-point functions. In the case of canonical single field models,
there has been a comprehensive comparative analysis of a fairly large set of models with
the cosmological data [11–16]. Clearly, in the long run, it would be desirable to carry out
a similar comparison of multi field models and, more specifically, two field models with the
data (see, for instance, Refs. [16–19]). As far as the background evolution is concerned, two
field models offer a richer dynamics than the single field models due to the possibility of
different types of trajectories in the field space. At the level of perturbations, the existence
of iso-curvature perturbations in multi field models can lead to a non-trivial evolution of the
curvature perturbation on super-Hubble scales (see, for example, the following articles [20–26]
or reviews [27–29]).
Over the last decade and a half, it has been recognized that observations of primordial
non-Gaussianities—in particular, the amplitude of three-point functions—can help us arrive
at a smaller class of viable inflationary models. This expectation has been corroborated to a
large extent by the strong constraints that have been arrived at by the Planck data on the
three non-Gaussianity parameters that describe the amplitude of the scalar bispectrum [30].
Theoretically, a considerable amount of work that has been carried out towards understand-
ing the non-Gaussianities generated in single and multi field inflationary models. However,
the theoretical understanding of non-Gaussianities generated in inflationary models and the
observational constraints that have been arrived at are largely concentrated on the scalar
bispectrum and the corresponding non-Gaussianity parameters [31–52].
In fact, apart from the scalar bispectrum, there arise three other three-point functions
when the tensor perturbations are also included [53–56]. The three-point functions are often
evaluated analytically in the slow roll approximation, and one has to resort to numerical
efforts to evaluate these three-point functions in a generic situation (in this context, see, for
instance, Refs. [56–63]). Also, while numerical procedures have been developed to evaluate
the three-point functions in single field models [56–63], until very recently, there has been
little effort towards computing these quantities in multi field models. As we were converging
on the manuscript, there appeared three coordinated efforts wherein the scalar bispectrum
has been numerically evaluated in multi field models [64–66]. While these efforts are indeed
more comprehensive and focus on the important case of scalars, the approach adopted in
these efforts (the so-called transport method) is different from the method we work with.
Our eventual goal is to arrive at a numerical procedure to evaluate all the three-point func-
tions in two field and, in general, multi field models. In contrast to the scalars, the tensor
perturbations are simpler to study as they depend only on the evolution of the scale factor.
As a first step of the process, in this work, we compute the tensor bispectrum and the corre-
sponding non-Gaussianity parameter in two field models of inflation. To check the accuracy
of the numerical procedure, we first consider simple situations leading to slow roll inflation
and compare the numerical results with the analytical results available in such cases. We
then study the effects of the curved trajectory in the field space on the tensor bispectrum
and the corresponding non-Gaussianity parameter. We also explicitly examine the validity of
the consistency relation governing the three-point function in the squeezed limit and discuss
the contributions to tensor non-Gaussianities during the epoch of preheating.
This paper is organized as follows. In the following section, we shall quickly summarize
the equations of motion describing the background dynamics of inflationary scenarios driven
by two canonical scalar fields. In Sec. 3, we shall outline the quantization of the tensor modes
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and the definition of the tensor power spectrum. In Sec. 4, we shall present the essential
expressions governing the tensor bispectrum arrived at using the Maldacena formalism and
introduce the dimensionless non-Gaussianity parameter h
NL
that characterizes the amplitude
of the tensor bispectrum. In Sec. 5, we shall discuss the analytical results for the tensor
bispectrum and the corresponding non-Gaussianity parameter in the de Sitter limit. In Sec. 6,
we shall describe the numerical procedure that we adopt to calculate the tensor bispectrum
and the non-Gaussianity parameter and then go to on to evaluate these quantities in three
different two field models, viz. double inflation, hybrid inflation and aligned natural inflation.
Moreover, in the case of double inflation, we study the imprints of turning trajectories on h
NL
.
In Sec. 7, using our numerical techniques, we also examine the so-called consistency condition
relating the tensor bispectrum to the tensor power spectrum in the squeezed limit, wherein
one of the wavenumbers involved is much smaller than the other two. In Sec. 8, we shall
discuss the effects of preheating on the non-Gaussianity parameter h
NL
. Lastly, in Sec. 9, we
shall conclude with a brief summary.
Note that, we shall work with natural units wherein ~ = c = 1, and define the Planck
mass to be M
Pl
= (8π G)−1/2. We shall adopt the metric signature of (−,+,+,+). As
usual, overdots and overprimes shall denote differentiation with respect to the cosmic and
the conformal time coordinates, respectively. Also, N shall refer to the number of e-folds.
2 Background equations
We shall consider the background to be the spatially flat, Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) metric that is described by the line-element
ds2 = −dt2 + a2(t) δij dxi dxj = a2(η)
(−dη2 + δij dxi dxj) , (2.1)
where the quantity a denotes the scale factor, while t and η =
∫
dt/a(t) represent the cosmic
and the conformal time coordinates. We shall study inflationary models consisting of two
scalar fields, say, φ and χ, that are described by the action
S[φI ] =
∫
d4x
√−g
[
−1
2
2∑
I=1
∂µφI ∂
µφI − V (φI)
]
, (2.2)
where φI = {φ, χ} and V (φI) is the potential characterizing the scalar fields. The equations
of motion that govern the homogeneous components of these scalar fields are given by
φ¨I + 3H φ˙I + VI = 0, (2.3)
where VI = ∂V/∂φI . The quantity H = a˙/a denotes the Hubble parameter and its evolution
is described by the following Friedmann equation:
H2 =
1
3M2
Pl
[
1
2
2∑
I=1
φ˙2I + V (φI)
]
. (2.4)
It is useful to introduce here the so-called first slow roll parameter ǫ1, which is defined as
ǫ1 = − H˙
H2
. (2.5)
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3 The tensor modes and the power spectrum
As we have mentioned earlier, we shall be focusing on the tensor perturbations in this work.
When the tensor perturbations are taken into account, the FLRW metric can be expressed
as [31]
ds2 = a2(η)
{
−dη2 +
[
eγ(η,x)
]
ij
dxi dxj
}
, (3.1)
where γij is a symmetric, transverse and traceless tensor. At the quadratic order, the action
governing the tensor perturbations is given by [1, 31]
S2[γij ] =
M2
Pl
8
∫
dη
∫
d3x a2
[
γ′ij
2 − (∂γij)2
]
, (3.2)
which, evidently, leads to a linear equation of motion. In Fourier space, the tensor modes,
say, hk, are found to satisfy the differential equation
h′′k + 2
a′
a
h′k + k
2 hk = 0. (3.3)
On quantization, the tensor perturbation γij can be decomposed in terms of the Fourier
modes hk as follows:
γˆij(η,x) =
∫
d3k
(2π)3/2
γˆkij(η) e
i k·x
=
∑
s
∫
d3k
(2π)3/2
[
aˆsk ε
s
ij(k)hk(η) e
i k·x + aˆs†
k
εs∗ij (k)h
∗
k(η) e
−i k·x
]
, (3.4)
where the annihilation operators aˆs
k
and the creation operators aˆs†
k
satisfy the standard com-
mutation relations. The quantity εsij(k) represents the polarization tensor of the gravitational
waves with their helicity being denoted by the index s. The transverse and traceless nature
of the gravitational waves lead to the conditions ki ε
s
ij(k) = ε
s
ii(k) = 0. We shall choose to
work with the following normalization of the polarization tensor: εrij(k) ε
s∗
ij (k) = 2 δ
rs [31].
It is often convenient to rewrite the modes hk in terms of the corresponding Mukhanov-
Sasaki variable uk = MPl ahk/
√
2. Then, the Mukhanov-Sasaki variable uk satisfies the
equation
u′′k +
(
k2 − a
′′
a
)
uk = 0. (3.5)
It is useful to note that the quantity a′′/a can be expressed in terms of the slow roll parameter
ǫ1 as
a′′
a
= (aH)2 (2− ǫ1) . (3.6)
The initial conditions for the differential equation (3.5) are imposed when the modes are
well inside the Hubble radius, i.e. when k/(aH) ≫ 1. In this sub-Hubble limit, the
following positive frequency solution of the Mukhanov-Sasaki variable uk is chosen as the
initial condition:
uk(η) =
1√
2 k
e−i k η. (3.7)
This condition is commonly referred to as the Bunch-Davies initial condition.
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The tensor power spectrum, viz. P
T
(k), evaluated at a suitably late conformal time,
say, ηe, is defined as
〈 γˆkij(ηe) γˆk
′
mn(ηe) 〉 =
(2π)2
2 k3
Πkij,mn
4
P
T
(k) δ(3)(k + k′), (3.8)
with the expectation values on the left hand side to be evaluated in the specified initial
quantum state, and the quantity Πkij,mn is given by
Πkij,mn =
∑
s
εsij(k) ε
s∗
mn(k). (3.9)
On making use of the decomposition (3.4), the inflationary tensor power spectrum evaluated
in the vacuum state |0〉 (such that aˆs
k
|0〉 = 0 ∀ k and s) can be expressed as
P
T
(k) = 4
k3
2π2
|hk|2. (3.10)
The amplitude |hk| on the right hand side of this expression is to be evaluated when the
modes are sufficiently outside the Hubble radius, i.e. when k/(aH) ≪ 1. It should be
mentioned here that the tensor spectral index n
T
is defined as
n
T
=
d lnP
T
(k)
d ln k
. (3.11)
4 The tensor bispectrum and the corresponding non-Gaussianity
parameter
The dominant signatures of non-Gaussianities are the three-point functions. The tensor
bispectrum, viz. the three-point correlation function describing the tensor perturbations,
that arises in a given inflationary model can be evaluated using the so-called Maldacena
formalism [31]. The formalism involves first deriving the cubic order action governing the
perturbations. At the cubic order, the action describing the tensor perturbations is found to
be
S3[γij ] =
M2
Pl
2
∫
dη
∫
d3x
[
a2
2
γlj γim ∂l∂mγij − a
2
4
γij γlm ∂l∂mγij
]
. (4.1)
Given this action, the corresponding three-point function can then be arrived at using the
standard techniques of quantum field theory. In this section, we shall gather the essential
expressions describing the tensor bispectrum. We shall also define the corresponding dimen-
sionless non-Gaussianity parameter that can be introduced for conveniently characterizing
the amplitude of the tensor bispectrum, as is popularly done in the scalar case [56].
The tensor bispectrum in Fourier space, viz. Bm3n3γγγ (k1,k2,k3), evaluated towards the
end of inflation at the conformal time, say, ηe, is defined as
〈 γˆk1m1n1(ηe) γˆk2m2n2(ηe) γˆk3m3n3(ηe) 〉 = (2π)3 Bm1n1m2n2m3n3γγγ (k1,k2,k3) δ(3) (k1 + k2 + k3) .
(4.2)
It should be mentioned that the delta function on the right hand side implies that the
wavevectors k1, k2 and k3 form the edges of a triangle. For convenience, hereafter, we shall
set
Bm1n1m2n2m3n3γγγ (k1,k2,k3) = (2π)−9/2 Gm1n1m2n2m3n3γγγ (k1,k2,k3). (4.3)
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The quantity Gm1n1m2n2m3n3γγγ (k1,k2,k3), evaluated in the perturbative vacuum, can be ob-
tained to be (see, for instance, Refs. [31, 56])
Gm1n1m2n2m3n3γγγ (k1,k2,k3) = M
2
Pl
[(
Πk1m1n1,ij Π
k2
m2n2,im
Πk3m3n3,lj
− 1
2
Πk1m1n1,ij Π
k2
m2n2,ml
Πk3m3n3,ij
)
k1m k1l + five permutations
]
× [hk1(ηe)hk2(ηe)hk3(ηe)Gγγγ(k1,k2,k3)
+ complex conjugate
]
, (4.4)
where Gγγγ(k1,k2,k3) is described by the integral
Gγγγ(k1,k2,k3) = − i
4
∫ ηe
ηi
dη a2 h∗k1 h
∗
k2 h
∗
k3 , (4.5)
with ηi denoting the time when the initial conditions are imposed on the perturbations.
As is well known, in the case of the scalars, a dimensionless non-Gaussianity parameter
is often introduced (in fact, a set of three parameters are considered) to roughly characterize
the amplitude of the scalar bispectrum. A similar dimensionless quantity can be introduced
to describe the tensor bispectrum. It can be defined to be the following dimensionless ratio
of the tensor bispectrum and the power spectrum [56]:
h
NL
(k1,k2,k3) = −
(
4
2π2
)2 [
k31 k
3
2 k
3
3 G
m1n1m2n2m3n3
γγγ (k1,k2,k3)
]
×
[
Πk1m1n1,m3n3 Π
k2
m2n2,m¯n¯ k
3
3 PT(k1) PT(k2) + five permutations
]−1
, (4.6)
where the overbars on the indices imply that they need to be summed over all allowed values.
Since we shall be focusing here only on the amplitude of the tensor bispectrum, for simplicity,
we shall set the polarization tensor to unity. In such a case, the expression (4.4) for the tensor
bispectrum reduces to
Gγγγ(k1,k2,k3) = M
2
Pl
[
hk1(ηe)hk2(ηe)hk3(ηe) G¯γγγ(k1,k2,k3)
+ complex conjugate
]
, (4.7)
where the quantity G¯γγγ(k1,k2,k3) is described by the integral
G¯γγγ(k1,k2,k3) = − i
4
(
k21 + k
2
2 + k
2
3
) ∫ ηe
ηi
dη a2 h∗k1 h
∗
k2 h
∗
k3 . (4.8)
Also, if we ignore the factors involving the polarization tensor, the non-Gaussianity parameter
h
NL
simplifies to
h
NL
(k1,k2,k3) = −
(
4
2π2
)2 [
k31 k
3
2 k
3
3 Gγγγ(k1,k2,k3)
]
×
[
2 k33 PT(k1)PT(k2) + two permutations
]−1
. (4.9)
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5 The non-Gaussianity parameter h
NL
in slow roll inflation
Evidently, in order to evaluate the tensor bispectrum, we shall first require the modes hk.
Also, using the modes, we need to be able to evaluate the integral (4.8) and the asymptotic
forms of the modes to arrive at the tensor bispectrum and the corresponding non-Gaussianity
parameter. In slow roll inflation, one often works in the de Sitter approximation wherein the
tensor modes hk are given by
hk(η) =
√
2 iH0
M
Pl
√
2 k3
(1 + i k η) e−i k η, (5.1)
with H0 being the Hubble parameter in de Sitter inflation. These modes can be easily used to
arrive at the following well-known, strictly scale invariant tensor power spectrum (evaluated
towards the end of inflation, i.e. as ηe → 0):
P
T
(k) =
2H20
π2M2
Pl
. (5.2)
Using the modes (5.1), the integral (4.8) can be evaluated to be
G¯γγγ(k1,k2,k3) = −
iH0
(
k21 + k
2
2 + k
2
3
)
4M3
Pl
(k1 k2 k3)
3/2
(
k
T
− k1 k2 + k1 k3 + k2 k3
k
T
− k1 k2 k3
k2
T
)
, (5.3)
where k
T
= k1 + k2 + k3. In the limit ηe → 0, the corresponding tensor bispectrum
Gγγγ(k1,k2,k3) and the non-Gaussianity parameter hNL(k1,k2,k3) can be obtained to be
Gγγγ(k1,k2,k3) = −
H40
(
k21 + k
2
2 + k
2
3
)
2M4
Pl
(k1 k2 k3)
3
(
k
T
− k1 k2 + k1 k3 + k2 k3
k
T
− k1 k2 k3
k2
T
)
(5.4)
and
h
NL
(k1,k2,k3) =
1
4
(
k21 + k
2
2 + k
2
3
k31 + k
3
2 + k
3
3
) (
k
T
− k1 k2 + k2 k3 + k3 k1
k
T
− k1 k2 k3
k2
T
)
. (5.5)
Note that, in the equilateral limit (i.e. when k1 = k2 = k3), we have hNL = 17/36 ≃ 0.472,
while in the squeezed limit (i.e. as k1 = k2 and k3 → 0), we have hNL = 3/8 = 0.375.
These analytical results prove to be very handy for examining the accuracy of the numerical
procedures that we shall adopt to evaluate the tensor modes, the tensor power spectrum and
the tensor bispectrum.
6 Numerical evaluation
As we have described before, our aim in this work is to numerically evaluate the magnitude
and shape of the non-Gaussianity parameter h
NL
in two field models of inflation. We shall
make use of the analytical results available in the slow roll limit (actually, in the de Sitter
limit) to check the accuracy of our numerical results. In this section, we shall first quickly
describe the numerical procedure that we shall adopt for the evaluation of the non-Gaussianity
parameter h
NL
. Thereafter, we shall consider three specific inflationary models and evaluate
the non-Gaussianity parameter h
NL
in these models.
– 7 –
Evidently, we shall first require the behavior of the background quantities and the tensor
modes. Once these are at hand, the tensor bispectrum (4.7) can be arrived at by computing
the integral (4.8) and then using the asymptotic forms of the tensor modes. These quantities
can be utilized to finally obtain the non-Gaussianity parameter h
NL
.
Our numerical procedure is essentially similar to an earlier work in this context which
had dealt with single field models of inflation [56]. Once the parameters in the potential
and the initial conditions are specified, one can integrate the equations (2.3) that govern the
scalar fields and the Friedmann equation (2.4) to arrive at the evolution of the background
quantities. Usually the initial value of the fields are chosen to lead to enough number of
e-folds (say, 60-70 e-folds of inflation). Once we have the background quantities, we can
solve for the tensor perturbations by integrating the governing equation (3.3), along with the
Bunch-Davies initial condition (3.7). In this computation, the initial conditions are imposed
on the modes when they are sufficiently inside the Hubble radius [we have chosen when
k/(aH) = 102]. The power spectrum is evaluated in the super-Hubble domain, when the
amplitude of the modes have reached a constant value [which typically occur when k/(aH) ≃
10−5].
We solve the background and the perturbation equations as functions of the number of
e-folds using the fifth order Runge-Kutta algorithm (see, for instance, Ref. [67]). Since the
tensor mode is constant during the super Hubble evolution, we can neglect the contribution
of h
NL
during this period (for more details, see Ref. [56]). This simplifies the numerical
integration involved in the calculation of h
NL
. Note that the modes oscillate strongly in the
sub-Hubble domain, leading to oscillating integrands. In order to handle such integrands,
an exponential cut-off is included to regulate the integrals in the sub-Hubble domain, as
has been implemented earlier in similar contexts (in this context, see Refs. [56, 57, 61]).
Such a cut-off can be justified theoretically as it helps in identifying the correct perturbative
vacuum [32, 58, 61]. The integration is carried out using the Bode’s rule1, from the earliest
time ηi when the smallest of the three wavenumbers (k1, k2, k3) is well inside the Hubble
radius to the final time ηe when the largest of them is sufficiently outside the Hubble radius.
6.1 Double inflation
The simplest of two field inflationary models is the model which is described by the poten-
tial [68, 69]
V (φ, χ) =
1
2
m2φ φ
2 +
1
2
m2χ χ
2. (6.1)
This model is often referred to as double inflation, since it can lead to two different epochs
of inflation (characterized by different values of the Hubble parameter) if the parameters mφ
and mχ are very different. Even though this model seems to be ruled out by the current
observations, it is instructive to work with this model since it is very simple. As we have
mentioned earlier, one of our aims is to study the effects of curved trajectories in field space
on h
NL
and, in this model, it is easy to construct different types of curved trajectories.
For numerical analysis, we shall set mφ = 7.12 × 10−6MPl , and choose mχ to be a
multiple of mφ. We shall choose the initial value of the fields to be φi = 14.4MPl and
χi = 8.5MPl . The corresponding initial velocities of the fields are chosen such that the first
slow roll parameter ǫ1 is small. In Fig. 1, we have shown the trajectories of the two scalar
fields and the evolution of the slow roll parameter ǫ1 for three different mass ratios mχ/mφ.
For mχ = mφ, the slow roll parameter ǫ1 is very small throughout inflation, as one would
1We should add that there is some confusion concerning whether it is Bode’s or Boole’s rule [67].
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Figure 1. The trajectories of the fields φ and χ in the field space have been plotted (on the left)
in the case of double inflation for different mass ratios mχ = mφ (in blue), mχ = 4mφ (in red) and
mχ = 8mφ (in green). The corresponding evolution of first slow roll parameter ǫ1 has been plotted
as a function of the number of e-folds (on the right) with the same choices of colors for the different
cases (as in the figure on the left).
have naively expected. For mχ = 4mφ, the trajectory in the field space is characterized by
a smooth turn from a χ dominated phase to the χ = 0 valley and inflation continues along
this valley. In the case of mχ = 8mφ, the turn is more sharp and the field reaches the χ = 0
valley faster than in the former cases. It is important to note the effect of turning on the
evolution of the first slow roll parameter ǫ1. When the mass ratio increases, the turns become
sharper and the slow roll parameter ǫ1 changes considerably during the turn.
Let us now turn to understand the behavior of the non-Gaussianity parameter in these
situations. Since the case ofmχ = mφ leads to nearly de Sitter inflation, the numerical results
for h
NL
from this case can be compared with the analytical results we had discussed earlier.
Evidently, this exercise can help us determine the accuracy of our numerical procedure. In
Fig. 2, we have illustrated the density plots of h
NL
for a triangular configuration of the
wavenumbers (k1, k2, k3) evaluated analytically in the case of de Sitter inflation and the
numerical results for the double inflation model with equal values for the masses for the
two fields. To arrive at the density plots of h
NL
, we have set k1 = 5 × 10−2Mpc−1, and
chosen k2 and k3 such that 5 × 10−4Mpc−1 < (k2, k3) < 5 × 10−2Mpc−1. Note that the
non-Gaussianity parameter h
NL
has an equilateral shape, i.e. its value is the largest in
the equilateral limit (wherein k1 = k2 = k3). The equilateral shape can be attributed to
the fact that the non-Gaussianities are essentially generated as the modes leave the Hubble
radius and the contributions on the super-Hubble scales are insignificant. This figure clearly
illustrates that the numerical and the analytical results match quite well. In fact, we find
that the maximum difference between them is less than 2%.
Our next task is to study the effect of the turning of the trajectory in the field space
on h
NL
, and we shall utilize the cases wherein mχ = 4mφ and mχ = 8mφ for this purpose.
We should mention that, in these cases, the scales of our interest leave the Hubble radius
between the e-folds of 16 and 33, and the direction of the trajectory changes exactly in this
domain. The change in the trajectory in the field space leads to a deviation from slow roll, as
– 9 –
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Figure 2. Density plots of h
NL
for an arbitrary triangular configuration of the wavenumbers evaluated
analytically in the case of de Sitter inflation (on the left) and obtained numerically for double inflation
with mχ = mφ (on the right). It is evident that the analytical and the numerical results match quite
well, indicating the accuracy of the numerical procedures that have been adopted.
is evident from Fig. 1. This effects the tensor modes and the associated non-Gaussianities.
In Fig. 3, we have plotted the non-Gaussianity parameter h
NL
that arises in these two cases.
While the deviation from slow roll inflation clearly modifies the amplitude of the parameter
h
NL
, the broad equilateral shape is indeed retained. The departure from slow roll boosts the
amplitude of h
NL
to a slight extent from the slow roll values. As we had mentioned, we have
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Figure 3. Density plots of h
NL
computed numerically for an arbitrary triangular configuration of the
wavenumbers for the case of double inflation with mχ = 4mφ (on the left) and mχ = 8mφ (on the
right). Note that, in these cases, the departure from slow roll arises due to the turn in the trajectory
in the field space. This deviation from slow roll enhances the amplitude of the non-Gaussianity
parameter h
NL
to some extent from the slow roll values.
considered the double inflation model because of its simplicity. In Fig. 6, we have plotted
the scalar (i.e. the adiabatic) and the tensor power spectra that arise in these cases. Even
the simpler case of mφ = mχ will not be favored by the CMB data because of the large
tensor-to-scalar ratio that the model leads to. (Recall that the tensor-to-scalar ratio r . 0.1,
according to the recent Planck data [16].) The other two cases lead to a broad step-like
feature in the power spectra. They also result in higher scalar power on large scales and a
large tensor-to-scalar ratio. Due to these reasons, these cases are ruled out by the data as
well.
In what follows, we shall discuss two more models, viz. hybrid inflation and aligned
natural inflation. As we shall see, in these models, for the values of the parameters that we
work with, the first slow roll parameter evolves smoothly and also remains very small during
inflation. As a result, the non-Gaussianity parameter h
NL
in these models does not differ
– 10 –
much from the case of de Sitter inflation.
6.2 Hybrid inflation
In most of the models, inflation ends when the scalar field approaches the minimum of the
potential. The hybrid model of inflation had been introduced as an alternative way of ending
inflation [70, 71]. In this model, inflation does not end because the field reaches a minimum,
but due to a phase transition which occurs at a critical point of one of the fields. This model
is based on the potential
V (φ, χ) =
1
2
m2 φ2 +
λ
4
(
χ2 −M2)2 + λ′
2
φ2 χ2, (6.2)
where λ and λ′ are two positive coupling constants, while m and M represent two mass
parameters. One finds that, in this model, a wide variety of trajectories are possible for
different initial conditions [72, 73]. When confined to domains of sub-Planckian values for
the fields, the initial values which lead to sufficient amount of e-folds are found to be near
the χ = 0 valley and as random points in the space of the scalar fields. But, it is observed
that the initial conditions which give sufficiently long inflation can be always found in the
region of super-Planckian values of the fields [72, 73].
In our analysis, we set m = 2.63 × 10−12M
Pl
, M = 4.14 × 10−14M
Pl
and λ = λ′ =
2.75×10−13. The scalar fields start from the initial values φi = 10.02MPl and χi = 21.05MPl .
The behavior of the slow roll parameter ǫ1 in this model is plotted in Fig. 4, and the resulting
tensor bispectrum is plotted in Fig. 5.
6.3 Aligned natural inflation
The next model we shall study is the natural inflation model with a strong alignment [74–76].
The model is described by the potential
V (φ, χ) = Λ4
[
1− 1
1 + β
cos (c1 αφ+ c2 χ)− β
1 + β
cos (c3 αφ+ c4 χ)
]
. (6.3)
This model also admits different types of trajectories. But, for the values of the parameters
Λ = 1.76 × 10−10M
Pl
, c1 = 8.20M
−1
Pl
, c2 = 12.12M
−1
Pl
, c3 = 8.80M
−1
Pl
, c4 = 27.27M
−1
Pl
,
α = 0.01 and β = 0.41, the initial conditions φi = 24.2MPl and χi = −0.1MPl , lead to a
special kind of trajectory in which inflation ends due to the instability in the direction of the
heavy field. This trajectory is interesting due to the fact that it leads to a suppressed value
for the tensor-to-scalar ratio. The first slow roll parameter is very small throughout inflation
and it undergoes an extremely sharp change in its value to end inflation (cf. Fig. 4). We
shall make use of this trajectory for evaluating h
NL
.
From Fig. 4, it is clear that in both the models (i.e. the hybrid inflation model and the
aligned natural inflation model), the slow roll parameter ǫ1 remains very small throughout
inflation. So, we do not expect much change in the value of h
NL
from the case of de Sitter
inflation and this expectation is confirmed by Fig. 5. For the sake of completeness we have
included the plots of the scalar and tensor power spectra that arise in these models in Fig. 6.
For the values of the parameters we have worked with, the hybrid inflation model seems to
lead to a rather high tensor-to-scalar ratio, and hence it is likely to be ruled out by the data.
In contrast, as we had mentioned, the aligned natural inflation model results in a considerably
suppressed tensor-to-scalar ratio and, therefore, it can be expected to be consistent with the
data.
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Figure 4. The evolution of first slow roll parameter ǫ1 in the case of hybrid inflation (in blue) and
aligned natural inflation (in red).
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Figure 5. Density plots of the non-Gaussianity parameter h
NL
evaluated numerically for an arbitrary
triangular configuration of the wavenumbers for the case of hybrid inflation (on the left) and aligned
natural inflation (on the right).
7 Consistency relation in the squeezed limit
It is well known that the amplitude of the tensor perturbations freeze on super-Hubble scales.
Due to this reason, if one considers the long wavelength limit of one of the wavenumbers
(often referred to as the squeezed limit), it can be shown that the tensor bispectrum can be
completely expressed in terms of the tensor power spectrum. Specifically, if we choose k3 → 0
so that k2 ≃ k3 = k, one finds that the non-Gaussianity parameter hNL can be expressed as
follows [62]:
lim
k3→0
h
NL
(k,−k,k3) = nT(k)− 3
8
, (7.1)
where n
T
is the tensor spectral index defined as in Eq. (3.11). Since we have been able to
evaluate the non-Gaussianity parameter h
NL
(and the spectral index n
T
) for an arbitrary
triangular configuration of the wavenumbers, it is interesting to examine if the above con-
sistency is indeed satisfied in the models we have considered. In Fig. 7, we have plotted
these two quantities for the double inflation model with mχ = 8mφ, which leads to the
– 12 –
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Figure 6. The scalar, i.e. adiabatic (solid line) and the tensor (dashed line) power spectra have
been plotted (on the left) for the double inflation model with mχ = mφ (in blue), mχ = 4mφ (in
red) and mχ = 8mφ (in green). The power spectra (with same choice of lines) have also been plotted
(on the right) for the cases of the hybrid inflation (in blue) and the aligned natural inflation (in red)
models.
maximum possible deviation from slow roll. We find that the maximum difference between
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Figure 7. The non-Gaussianity parameter h
NL
evaluated numerically in the squeezed limit (the solid
line) and the quantity (n
T
− 3)/8 obtained from the tensor power spectrum (the dashed line) have
been plotted in the case of the double inflation model wherein mχ = 8mφ. The maximum difference
between these quantities is about 1.2% and the difference can be attributed to the level of numerical
accuracy that one has worked with. This suggests that the consistency relation is valid even away
from slow roll.
these quantities evaluated numerically is about 1.2%, which clearly supports the validity of
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the consistency relation even in situations involving departures from slow roll.
8 The contribution during preheating
In models such as double inflation, the scalar field rolls down the potential and inflation is
terminated when the field is close to the minimum of the potential. After inflation has ended,
the scalar field oscillates about the minimum of the potential, a phase which is referred to as
preheating. Note that all perturbations of cosmological interest are on super-Hubble scales
during the domain of preheating. Due to this reason, the oscillations in the scalar field are
not expected to affect the evolution of the amplitude of hk, which remain constant as in the
super-Hubble domain during inflation. We have evolved the tensor perturbations numerically
through the epoch of preheating. In Fig. 8, we have plotted the evolution of the amplitude of
hk (for a specific mode) in the case of the double inflation model during the epochs of inflation
and preheating. Clearly, the figure corroborates the expectation that the amplitude of hk
is constant at suitably late times. Since the amplitude of the tensor modes is constant, the
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|
Figure 8. Evolution of the absolute value of hk for k = 0.05Mpc
−1 during the epochs of inflation and
reheating in the case of the double inflation model with mχ = 8mφ. The vertical red and green lines
indicate the time when the mode leaves the Hubble radius during inflation and the end of inflation,
respectively.
contribution to the non-Gaussianity parameter h
NL
due to this epoch is identically zero [56].
9 Discussion
As we have stressed earlier, primordial non-Gaussianities are expected to provide crucial
information to help us arrive at stronger constraints on the physics of the early universe.
Apart from the very recent efforts, there has been little work towards the numerical evaluation
of non-Gaussianities in multi field models of inflation. As a preliminary step, in this work,
we have evaluated the tensor bispectrum in two field models of inflation. We have been able
– 14 –
to compare the numerical results with the analytical results available in the case of slow roll
inflation. This comparison suggests that the numerical procedure we have adopted is quite
accurate. The two field models are interesting because of the curved trajectories that can
be generated in the field space in a rather simple manner. One of our aims was to identify
the effect of such a turn in the trajectory on the magnitude and the shape of h
NL
. In double
inflation, we have found that the change in the direction of the trajectory produces a bump
in the first slow roll parameter, which increases the amplitude of h
NL
over a certain domain.
We have also studied the behavior of h
NL
in the case of hybrid inflation and aligned natural
inflation. Lastly, we have shown that the contribution to h
NL
due to the epoch of preheating
can be completely neglected, due to the constant amplitude of the tensor modes during this
period.
Evaluating the tensor bispectrum has proved to be simpler since the evolution of the
tensor modes depend only on the behavior of the scale factor. Moreover, the fact the ten-
sor modes freeze on super-Hubble scales makes the computation easier. We are presently
extending our code to evaluate the other three-point functions in two field models. In the
case of the three-point functions involving scalars, the presence of iso-curvature perturbations
provides a challenge, as they can lead to non-trivial evolution of the curvature perturbation
on super-Hubble scales. We are currently working on this issue.
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